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Abstract. In this paper, we study a two-parameter family {ffi,!^} of 3- 
dimensional diffeomorphisms which have a bifurcation induced by simulta- 
neous generation of a heterodimensional cycle and a heterodimensional tan- 
gency associated to two saddle points. We show that such a codimension-2 
bifurcation generates a quadratic homoclinic tangency associated to one of 
the saddle continuations which unfolds gcncrically with respect to some one- 
parameter subfamily of {iPii,u}- Moreover, from this result together with some 
well-known facts, we detect some nonhyperbolic phenomena (i.e., the existence 
of nonhyperbolic strange attractors and the robust tangencics) arbitrarily 
close to the codimension-2 bifurcation. 

1. Introduction 

When diffeomorphisms act on manifolds of dimension greater than or equal to 
three, it is well known that nonhyperbolic phenomena are caused by the existence 
of heteroclinic cycles containing two saddle points with different indexes, called 
heterodimensional cycles, as well as that of homoclinic tangencies [131 1161 1101 1151 
1171 111] . Heterodimensional cycles presented a new mechanism in dynamics, which 
has been studied Diaz et al. [3 HI [SI [H [51 [31 H] . As is suggested in [Hj , these two 
classes of nonhyperbolic diffeomorphisms seem to occupy a large part in the com- 
plement of the hyperbolic diffeomorphisms. In this paper, we study 3-dimensional 
diffeomorphisms which have heterodimensional cycles and tangencies of certain type 
simultaneously. 

Let If he a, diffeomorphism on a 3-dimensional smooth manifold M which has 
two saddle fixed points p and q satisfying index((7) = index(p) + 1, where index(-) 
denotes the dimension of the unstable manifold of the saddle point. A heteroclinic 
point r of the stable manifold W^{p) and the unstable manifold W^{q) is called a 
heterodimensional tangency of W'^{p) and if r satisfies 

• TrW%p)+TrW{q) ^ TrM; 

• dim{TrW'{p)) + dimiTrWiq)) > dim(M), 
where dim(-) denotes the dimension of the space. 

Our main theorem in this paper is as follows. We will present some definitions 
and generic conditions used in the statement of Theorem [A] in Section [2 

Theorem A. Let M he a 3-dimensional manifold, and let {(/s^.j^} he a two- 
parameter family of diffeomorphisms ifi^.v : M ^ M which depends on (/z, v) 
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and has continuations of saddle fixed points p^^i, and q^^y with index(p^^j/) = 1 and 
index(g^,^) = 2. Suppose that the following conditions hold. 

• Each (p^^u is locally linearizable in a small neighborhood N{q^j,^y) o/g^^j/. 

• If = ifQ Q has a heterodimensional cycle containing the fixed points p = Po,o, 
q = 9o,Oi 0, nondegenerate heterodimensional tangency r, a quasi-transverse 
intersection s S W'^{q) H W"{p). 

• {ffj,.}^} satisfies the generic conditions (C1)-(C4) given in Section\^ 

Then, for a sufficiently small e > and any fi in either (0, e) or (— e, 0), there exist 
infinitely many u such that ^^.y has a quadratic homoclinic tangency associated to 
Pn,i' which unfolds generically with respect to the v -parameter family {'/'^(fixod).!^}- 

Remark 1.1. (1) The generic conditions (C2) and (C3) imply the setting such 
that a heterodimensional tangency and a quasi-transverse intersection un- 
fold generically with respect to the parameters fi and i^, respectively. The 
point to notice is that the newly detected homochnic tangency in Theorem 
|X]can be also controlled by these parameters. It is not hard to get a one 
parameter family in the infinite dimensional space Diff ^ (M) with respect to 
which the homoclinic tangency unfolds generically. However, in our proof, 
we need to show that the tangency given in Subsection 14.11 unfolds generi- 
cally with respect to the z^-parameter family {f^.^u} hi the two-dimensional 
subspace {(pp,.i,} of Diff^(A/). 

(2) Theorem lAl holds for a homoclinic tangency associated to q^.j, instead of 
P^i,i' if we replace the conditions in (CI) and (C4) by appropriate ones. 

(3) We need the smoothness in the local linearization around q^^^^, to esti- 
mate the curvatures of ^{pf^ ^) and W^{p^ ,y) at the tangency in Section 

13 

Figure 11.11 illustrates an example of heterodimensional cycles containing a non- 
degenerate heterodimensional tangency of hyperbolic type, see Definition 12.11 (3). 




Figure 1.1. A heterodimensional cycle associated with the pair 
of saddles p and q, which contains the heterodimensional tangency 
r and the quasi-transverse intersection s. 
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The conclusion obtained from Theorem [A] reminds us of prior works associated 
with homoclinic tangencies. The one is related to strange attractors and the other 
robust tangencies. 

First, let us discuss the former one. Viana showed the following theorem. 

Theorem 1.2 (Viana [18j). For a generic subset of one-parameter families {(pp,} 
of C°° diffeomorphisms on any manifolds of the dimension greater than or equal to 
two that unfolds a homoclinic tangency at parameter value /i = associated to a 
sectionally dissipative saddle periodic point, there is a subset SofM. such that 

• S' n (— e, e) has a positive Lebesgue measure for every e > 0, 

• for all fi £ S , ipp, exhibits nonhyperbolic strange attractors in a ^-dependent 
neighborhood of the orbit of tangency. 

Leal [12] extended this result and showed the existence of infinitely many strange 
attractors. A saddle periodic point is said to be sectionally dissipative if the product 
of any two eigenvalues of the derivative at the point has norm less than one. Also, A 
is a strange attractor of lyS if A is a compact, iy9-invariant, transitive set and the basin 
WlA) has a nonempty interior and there exists zi £ A such that {(^"(zi) : n > 0} 
is dense in A and ||(iiy9"(zi)|| > e™ for all n > and some c > 0. Note, Viana [18] 
assumed that for simplicity (pf^ is linearizable in a neighborhood of the saddle 
point for fi is sufficiently close to 0. Combining these extra conditions and our 
result for the cycle containing the heterodimensional tangency imply the following 
corollary. 

Corollary B. Let {vj^.^} be the two-parameter family of i- dimensional C°° dif- 
feomorphisms having the heterodimensional cycle with the nondegenerate heterodi- 
mensional tangency for v) ~ (0, 0) given in Theorem [3J Suppose that each 
^p^^v is locally linearizable in a small neighborhood of p^ ^, and (y5o,o section- 
ally dissipative at po,o- Then there exists a positive Lebesgue measure subset A 
of the fiv-plane arbitrarily near (0, 0) such that, for any {/i, v) e A, ^fj.,u exhibits 
nonhyperbolic strange attractors. 

Next, we discuss robust homoclinic tangencies derived from the heterodi- 
mensional cycle having a nondegenerate tangency. A homoclinic tangency of a 
diffeomorphism (p associated with a hyperbolic set T is robust if there is a C" 
neighborhood U oi Lp such that every diffeomorphism -tp £ U has a homoclinic tan- 
gency associated with the continuations of F for t/j. Ncwhouse [13] showed, in the 
topology, a homoclinic tangency of surface diffeomorphisms generates robust 
homoclinic tangencies. This property yields the so-called Ncwhouse phenome- 
non: there is a non-empty open set of diffeomorphisms and its residual subset 
such that every diffeomorphism in the subset has infinitely many sinks. The result 
is extended by Palis- Viana [T5] to the higher dimensional case. Palis and Viana 
proved the result under the sectional dissipativencss and linearizing conditions as in 
[18| . Moreover, Romero [T7| proved the following theorem without these conditions. 

Theorem 1.3 (Romero jl7j). Let ip be a diffeomorphism on a manifold M, 
dim(A/) > 3, having a homoclinic tangency associated with a saddle periodic point 
of ip whose index is greater or equal to 2. Then there are diffeomorphisms arbitrarily 
close to ip having robust homoclinic tangencies. 

Therefore, we have the following corollary. 
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Corollary C. Let {ipi_i,u} be the two-parameter family of Z- dimensional dif- 
feomorphisms having the heterodimensional cycle with the nondegenerate heterodi- 
mensional tangency for {lJi,v) = (0,0) given in Theorem\^ Then, for a sufficiently 
small e > and any fi in either (0,e) or (— e, 0), there are infinitely many v such 
that cvcvy Tieighbovhood of 

contains a diffeomorphism having a C robust 

homoclinic tangency. 

Remark 1.4. If wc add a weak dissipativc condition (see in |17[ Theorem A (1.1)]) 
to the assumptions of Corollary [C] then, the Newhouse phenomenon is obtained 
from our settings. 

Remark 1.5. In the case, Di'az et al. [6] have already proved that the unfolding of 
heterodimensional tangencies leads to non-dominated dynamics and therefore (by 
results of [2] and [3]) to the Newhouse phenomenon (see also |1] for a different 
approach to the phenomenon). On the other hand, the theory of strange attractors 
has not been so far developed in the C' category {I = 1,2). 

Outline of the proof of Theorem [A] We will finish Introduction by presenting 
a sketch of the proof of Theorem [X] 

In Section O we give definitions and the generic conditions (C1)-(C4) used in 
Theorem [A] Especially, a nondegenerate heterodimensional tangency, which is one 
of main ingredients of this paper, is introduced explicitly there. Such tangencies 
are classified into the elliptic and hyperbolic types, see Definition 12. 11 (3). 




Figure 1.2. (1) The situation when {fi,i^) = (0,0). (2) s^^o is 
a quasi-transverse intersection with respect to the new parame- 
ter. (3) Im converges W^ioc(9a':o) in topology. (4) l,n,i^^ is a 
continuation of /,„ for v = i>m. 

In Section [HI we prove three lemmas. Lemma l3 . 1 1 shows the existence of the re- 
parametrization of {^fj,,u} such that, for any (/Lt, 0) in the new parameter, VF'*(g^,o) 
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and W"{pu,o) still have a quasi-transverse intersection s^^o which unfolds generically 
with respect to the i^-parameter but the tangency r is annihilated. See Fig ll.2l 
(1) and (2). Lemma 13.21 applies the inclination lemma to a shorter curve Imo 
in W"(j)^^o) passing through s^.o so that some curve Im in </5™o(^™o) containing 
V3™g(s^_o) converges to ^[""((7^,0) as m 00. Sec Fig |1.2l f3). Lemma [331 
explains a connection between quadratic tangencics and curvatures, which is used 
to show that the homoclinic tangcncies obtained in Section |4] are quadratic. 

Assertion 14.21 and Assertion 14.31 in Section |4] show that the generic unfolding of 
heterodimensional tangcncies introduces the existence of a quadratic homoclinic 
tangency t„i as illustrated in Fig. ll.2l -('4). Finally, we prove in Proposition [44] that 
the tangency unfolds generically with respect to the t^-parameter. These results 
assure the proof of Theorem [A] 



2. Definitions and generic conditions 

In this section, we present some definitions needed in later sections and generic 
conditions adopted as hypotheses in Theorem [^ 

2.1. Definitions. 

Definition 2.1. Suppose that M is a 3-dimensional manifold. Let {/^},yej, 
{rrii^l^gj be families of regular curves in M, and let {S,^}i,^j, {Y,y}i,^j be 
families of regular surfaces in M, where J is an open interval. 

(1) Suppose that l^g and m^^ intersect at a point s for some E J and some open 
neighborhood U oi s in M has a change of coordinates with respect to which 

= {(0,0,2) £ U} for any v G J near i>q. We say that s is a quasi-transverse 
intersection of and m^g if 

dim{Ts{L„)+Ts{m,J)^2. 

Moreover, s unfolds generically at v = vq with respect to {l^}i,^j, {mv}v^j if there 
exists a map s : J —>■ M with s(z^) ^ s^ £ l^, for any v £ J and s{yo) = s and a 
fimction d : J ^ with d{i'Q) ^ such that 

(2.1) TsM ^Ts{h„)®N (BTsim^g) and dist{s^,m^) ^ \v - vo\d{v) 

for any v near vq, where N is the one-dimensional space spanned by the non-zero 
tangent vector [ds^ / dv)\v=ua- This property corresponds to the conditions (GUl)- 
(GU3) in [a §2.2.1]. 

(2) Suppose that and S^^^ intersect at a point t for some E J. We say 
that r is a quadratic tangency (or a contact of order 1) of li,^ and if there 
exists some change of coordinates on an open neighborhood U{t) of r such that 
r — (0,0,0), Si, — {{x,y,z) G U{t) ; z = 0} and li, has a regular paramctrization 
l{iy,t) = {x{v,t),y{v,t),z{iy,t)) with l{vo,0) = (0,0,0) and 

1^(^.0,0) = and ^(1.0,0)^0, 

The tangency r is said to unfold generically a,i v — vq with respect to {/i/j^ej 
and {Si,}yeJ if 

1^(^0,0) y^O. 
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(3) Suppose that S^o and intersect at a point r for some i/g G J. We say 
that r is a nondegenerate heterodimensional tangency of S^q and Y"^,-, if there ex- 
ists a coordinate on an open set U in M containing r with r = (uo,wo,0) for 
some uq, vq G K, 5*^ = {(x, y, 2) G J7 ; z = 0} and such that Y^, has a paramctriza- 
tion {x,y,fi,{x,y)) the third entry f^{x,y) = f{i',x,y) of which is a function 
satisfying 

(2.2) /^o(uo,fo) = 0, -^(wc-fo) = -^(wo,fo) = 0, det(iJ/^J(„^_„^) ^ 0, 

where (i?/iyo)(uo.iio) the Hessian matrix of /i/,, at (x, j/) = (ito,wo)- 
The tangency r unfolds generically at u ^ Vi^ ii 

ov 

Remark 2.2. It is easy to see that the property (1) does not depend on the coor- 
dinates used to set li, in the z-axis. Similarly, the properties (2) and (3) do not 
depend on the coordinates used to set in the xy-plane. 

When det(i7/i,Q)(,ug^„|,) > (rcsp. < 0) in Definition I2.1l f3). we say that the 
tangency r = {uq,vq,Q) is of elliptic (resp. hyperbolic) type. The Taylor expansion 
of /i/j, around {uo,vo) is 

fya{x,y) = --^-^{uo,vo){x - u^f + -7r^{uo,Vo){x - uo){y - vq) 
^2 3) 2 dx^ dxdy 

+ ^^K, v^){y ~ v^f + o{{\x - + \y~ v^\f). 

From (|2.3p together with the classification of quadratic surfaces in M'^, we know 
that Y^^ has the form near r ^ {uq, vq, 0) as illustrated in Fig. 12.11 




Figure 2.1. (1) r is of elliptic type and 9^ /i.„(uo, wo)/9x^ < 0. (2) 
r is of elHptic type and d'^fi,g (uq ,vo)/ dx^ > 0. (3) r is of hypcrboUc 
type. 



2.2. Generic conditions. Throughout the remainder of this paper, we suppose 
that is a 3-dimensional diffcomorphism with saddle fixed points p of index(p) = 
1 and q of index(g) = 2, and such that and W"{q) have a nondegenerate 
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heterodimensional tangency r, W'^{p) and W^lq) have a quasi-transverse intersec- 
tion s. The (fi is locally linearizable in a neighborhood U{q) of g if there exists 
a hnearizing coordinate {x,y,z) on U(q), that is, 

(2.4) g= (0,0,0), v'(a^,2;,2) = (ax,/?y,7z) 

for any {x,y,z) G [/(?) with ip{x,y,z) G ?/(q), where a, 13 and 7 are eigenvahies of 

One can take a local unstable manifold W^ioj.('Z) so that it is an open disk in the 
plane {z = 0} centered at {x,y) = (0,0). We may assume that the both points 
r, s are contained in U{q) if necessary replacing r (resp. s) by <p~"(r) (resp. </3"(s)) 
with sufficiently large n G N. We set 

r = (mo,wo,0) 

with respect to the linearizing coordinate on U (q) . 

We suppose moreover that {^Pp,^i,} is a two-parameter family in Diff (A!) with 
'Pofl ~ f and satisfying the conditions of Theorem Kl In particular, f^^v is locally 
linearizable in a small neighborhood U {q^.v) of q^,i, in A/ and hence f^^v has the 
form as p.4p in U{q^^,y), where a,/3,7 are functions on /i, i.e., a = a^,i/,/3 = 

We will put the following generic conditions (C1)-(C4) as the hypotheses in 
Theorem [X] 

(CI) (Generic condition for q) The ip is locally linearizable at q given as in 
(|2.4p . For simplicity, we suppose that every eigenvalues of {dip)q is positive, 
that is, 

0<7<l</3<a. 

(C2) (Generic unfolding property for r) The nondegenerate heterodimensional tan- 
gency r of W^lq) and W'^{p) unfolds generically with respect to the /i- 
parameter famihes {W^"('?^,o)} and {W'^{pfj,fi)}. 

(C3) (Generic unfolding property for s) The quasi-transverse intersection s of 
W'^{q) and W^{p) unfolds generically with respect to the i^-parameter families 
{W'iqo^,)} and {M^«(po,.)}. 

(C4) (Additional generic conditions) The tangency r is not on the x-axis W[""(g), 
that is, 

(2.5) wo ^ 0. 

There exists a regular parametrization l{t) = {x{t),y{t), z{t)) {t G /) of a 
small curve in W"^ (p) fl U (q) with respect to the hnearizing coordinate {x, y, z) 
on U{q) with s = /(O) and 

(2^6) f(0)^0, 

where / is an open interval centered at 0. 

There exists a function / : O ^ R defined on an open disk O in the 
sy-plane centered at r such that f{uo,vo) = 0, {{x,y, f(x,y)) ; {x,y) G O} C 
W{p)r\U{q) and 

(2.7) _^(^„,^;„)^0. 

Note that the condition (|2.7p is automatically satisfied when r is of elliptic 
type. 
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3. Some lemmas about parametrization and curvatures 

The goal of this section is to prove three lemmas needed for the proof of Theorem 
\M These play important roles in Section 3) 

• Lemma 13.11 presents a new parameter {fl,C') such that, for any fl near 0, 
there exists a quasi-transverse intersection s^.o of ^^"(9/1,0) and VF"(p/i.o) 
which unfolds generically at i) = with respect to the i'-parameter. Af- 
ter Lemma 13.11 we denote the new parameter (/i, i)) again by (/i, ly) for 
simplicity. 

• In Lemma 13.21 we show that, for any fiQ near 0, there exists a regular curve 
Im in W"{p^gfi) containing the quasi-transverse intersection ^]^f,fi{Sfj.„fi) 
and arbitrarily close to Wj""(gp(,^o)- In particular, this imphes that 
the curvature of Im can be taken arbitrarily close to with respect to the 
linearizing coordinate (|2.4p on [/(g^g^o)- 

• Lemma l3.3l gives a connection between the curvature and quadratic tangen- 
cies. In fact, we show that a tangency r of a regular curve I and a regular 
surface S in is quadratic if the curvature of ^ at r is different from the 
normal curvature of 5 at r along the direction tangent to I. 

For any (/i, i^) near (0,0), we may assume that U{q^_^) is equal to 



with respect to the linearizing coordinate given in Subsection 12. 21 for some constant 
(5 > 0. Since s is a quasi-transverse intersection which unfolds generically with 
respect to the :^-parameter families {W^'*('7o,i')} and {iy"(po,!^)} by the condition 
(C3), there exists a continuation Sy G W'^{po,v)^D{5) with sq = s and such that 
Su satisfies the conditions same as those for Sy in Definition l2.1l (l). By ()2.6p . for any 
V near 0, the component ly of W^{pQ^y)f^D{5) containing meets transversely the 
yz-plane at a point Si, which defines a continuations {s^} with sq = s, see Fig. 
l3Tl Note that dsy/diy{0) = dsy/diy{0)+w for some w e T^ilo) = T,(VF"(p)), where 



dsy/diyiO) denotes dsy/dvly^o- Let y{iy) be the y-coordinate of s^. If dy/dv{{)) = 0, 
then dsy/dv[Q) would be tangent to the z-axis W{^^[q) at s and hence dsv/di'{Q) G 
Ts{W''{q))®Ts{W{p)). This contradicts Thus, we have 



D{5) {~5,5f 




X 



Figure 3.1. 



(3.1) 
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For any (/i, v) near (0, 0), let s^i_^ be a transverse intersection point of W^{pv,u) H 
D{5) with the yz-plane such that {s^i,iy} is a continuation with so.jy = Su- 

Lemma 3.1. There exists a constant p > and a function v : (— p, p) — > M such 
that, for any ^ £ {~p,p), s^^y(^) is a quasi-transverse intersection o/ 
and which unfolds generically with respect to the v -parameter families 

{W{q^{f,^ad)M)} and {Vt^"(Pp(fixod),>.)}- 

Proof. Let y{^,v) be the y-coordinate of s^,,y. By (|3.ip . dy / dv{0,Q) ^ 0. Hence, 
by the Imphcit Function Theorem, there exists a function v : {—p,p) K for 
some p > such that 

for any fi £ {~p,p). This imphes that s^.i;(^) is a quasi-transverse intersection un- 
folding generically &i v — v{p,) with respect to the z/-parameter families {W^{q^ y)} 
and ' □ 

A nev^r parametrization. Consider the coordinate (/i, v) on the parameter space 
defined by /i = /i, i> = — For simplicity, we denote the new coordinate 

again by (p, v). Thus, there exists a continuation {sp_o}/j6(-p,p) of quasi-transverse 
intersections of W^^((7p,o) and W"(pp,o) such that each s^,o unfolds generically at 
V ^0 with respect to the j/-parametcr families {W^lq^i^^y} and {W^{p^i,^^)} . 



Fix po with sufRcicntly small |po| arbitrarily. By the properties (|2.4p and 
there exists mo G N such that, for any m > mo, one can parameterize the compo- 
nent Im of W^"(p,,„^o) n D{5) containing <(5™ ,o(«w.,o) so that /„(0) = ^'^aA^^^ofl) 
and 

Lemma 3.2. The sequence {lm\ converges uniformly to Wjq"((7p„,o) as m cx). 
In particular, for any e > 0, there exists mo > mo such that the curvature at 
any point of Im is less than e with respect to the standard Euclidean metric on 
Uiqfiafl) = 0(5) ifm> mo. 



Proof. By ()2.4p . for any m > mo, 

l,n{t) = (i,/3"2/™„(a-"i),7"^mo 
where n = m- mo, a = a^o,o, /? = /?/to,o, 7 = 7m, o- Thus we have 

^^"i , /, dymo , _„ s dZmo f -n,\\ uniformly 

as 771 oo. Since {lm{0)}m=ma converges to g^„,o = (0,0,0), it follows from (|3.2p 
that {^m} converges uniformly to the .x-axis in D{6). □ 

Lemma 3.3. Let S be a regular surface in the Euclidean i-space M'^ and I a regular 
curve tangent to S at t. Suppose that the curvature ki{t) of I at t is less than the 
absolute value of the normal curvature K5(r, to) of S at t along a non-zero vector 
w tangent to I. Then tangency of S and I at t is quadratic. 
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Proof. By changing the coordinate {x, y, z) on M?' by an isometry, we may assume 
that T = (0, 0, 0), the tangent space of S" at r is the xy-plane and = (1, 0, 0). 

Then one can suppose that S (resp. I) is parameterized as {x,y,ip(x,y)) (rcsp. 
{x, fi{x), f2{x)) in a smaU neighborhood of (0,0,0) in R"^. Since the graph of 
z = ipix, 0) is the cross section of S along the xz-plane, 

where g{x) = iplXjO). Since the graph of z = f2{x) coincides with the orthogonal 
projection I of I into the xz-plane, 

It follows from our assumption \ks{t,w)\ > ki{t) that |(?"(0)| > |/2'(0)|. This 
shows that the tangency at r is quadratic. □ 

4. Proof of Theorem [A] 
In this section, we give the proof of Theorem [XI 

• In Subsection 14.11 we show that, for any /io in either (—£,0) or (0,£) and 
any sufRciently large to S N, there exists with linim^oo Vm = such 
that I^"(P/jo,i/„J and M^^(p^Q.,y^) have a quadratic tangency r,„ (Assertion 
14.21 and Assertion [121) ■ Here the sign of /iq is chosen so that /ig • 5^0. o < 
(resp. fj-o ■ bfj_g^o > 0) if the tangency r is of elliptic (resp. hyperbolic) type, 
where 6^q_o is the coefficient of {x — iyfj_g^o)^-teTm of the Taylor expansion 
(|4.ip . See Fig. 14.11 and Fig. 14.41 As is suggested in Fig. 14.21 the existence 
of the homoclinic tangency t„j is proved by using the Intermediate Value 
Theorem. By Lemma [3?2l the curvature of W^"(P/io,i'm) ''m converges to 
zero as TO — > oo. On the other hand, we will show that the normal curvature 
of W [Pfj.o^'^m ) '''rn along the direction tangent to Im is bounded away from 
zero. Hence, by Lemma 13.31 the tangency Tm is quadratic. 

• In Subsection 14.21 we show that the quadratic homoclinic tangency 
unfolds generically at v = Vm with respect to the i/-parameter families 
{14^*(p^o_i,)} and {M^"(p^o,i^)} by representing a neighborhood of in 
W{Pfio-v) ^s the graph of a function of {x, z). 

4.1. Existence of quadratic homoclinic tangencies. Let {ffin,!^} be the family 
given in Subsection 12.21 In particular, r = (mo,wo,0) is a nondegenerate heterodi- 
mensional tangency of (q) and (p) which unfolds generically with respect to 
the /Lt-parametcr families {W^"(9/i,o)} and {W^{pf^fi)}. By our settings in Sections 
[2|and[3l there exist functions /^^^ : O C ^ M depending on (/i, i') with 
/o,o = / and 

S(Ai, ly) {(x, y, /^,,(x, y)) ; (x, y) e O} C W%p^,,) H 0(6) 

for any {fJ.,v) near (0,0). Since det(77/)(-„jj ^ O, there exists a uniquely deter- 
mined continuation {u^^,y,v^^y) with (uq^o, I'o.o) = (uo,wo) and 



dx dy 
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Proposition 4.1. For a sufficiently small e > and any /i in either (0,e) or 
(— £, 0), there exists v arbitrarily close to such that ipfj,^u has a quadratic homoclinic 
tangency associated to 

By the condition (|2.5p . r is not in the x-axis. One can take the linearizing 
coordinate on D{5) so that s (resp. r) is in the upper half space {z > 0} (resp. 
{x > 0}). The Taylor expansion of ff^^u around w^.y) has the form: 



(4.1) 



where ao,o = and 



Since the tangency r unfolds generically with respect to ip = (po,o by (CI), 



o((l 



(4.2) 



^70 



^0. 



(M,f) = (0,0) 

If necessary replacing /x by — /i, we may assume that r/o > 0. By the condition (|2.7p . 
^0,0 7^ and hence 6^^^ 7^ for any {fi, u) near (0, 0). 

Proposition 14. II is divided to the following two assertions. 

Assertion 4.2 (Elliptic case). If r is of elliptic type, then Proposition \4-l\ holds. 

Proof. First we consider the case of h^,i, < for any {fi, v) near (0, 0). By (|4.2[) . for 
any sufficiently small /^o > 0, the intersection C^^, = S(/io, 0) n {2; = 0} is a circle 
disjoint from the x-axis. For a sufficiently small h^ > A = T,{iio, 0)n{0 < z < ho} 
is an annulus in D{S), see Fig. 14.11 (1). Replacing mo by an integer greater than mo 







/ f m / 








X 1 1 




1 




(1) 



(2) 



Figure 4.1. (1) The case of /xq > 0, 1/ = 0, 6^0,0 < 0. (2) The case 
of /xg < 0, = 0, h^^fl > 0. Each shaded region represents A. 

if necessary, we may assume that Zm{0) < ho/2 for any m > mo- By Lemma 13.21 
the curve Z,„ C M^"(p/i(,,o) H D{S) given in Section [3] is sufficiently close to the 
X-axis. Thus one can suppose that %(Zm) H TTy{A) = %, where -Ky : D{5) — > R is 
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the orthogonal projection defined by TTy{x,y,z) ~ y. For any sufficiently small ly, 
let lm,i> be the component of W"{p^„.j^)r\D{S) such that {lm,i^} is an i/-continuation 
with Im.o — Irm and set A^, = T,{iiq, C] {0 < z < Hq}. Moreover, one can suppose 
that Im.v is parameterized as 

Im.i^it) = (t, Vm{l', t),Zm{y, t)) {t £ {-5, 5)). 

By the condition (C3), one can take v ^ Q with arbitrarily small \v\ such that 

(0)) < sup{7ry(;„„,p)} < min{7ry(ylp)}. 

We may assume that i/ > if necessary replacing v by —v. For any integer 
m sufficiently greater than toq, there exists < D,n < v such the continuation 
{lm,v\o<v<Vm is well defined and 

max{7ry(Ap„J} < iYd{'rTy{ljn.v^)} 

holds, see Fig. I4.2l fl). By the Intermediate Value Theorem, there exists Q < Vm < 
Dm such that Im.Um a-iid Au_^ have a tangency t„i, see Fig. I4.2l f2'). Since Im^um C 




(1) (2) 
Figure 4.2. The cross sections. 
W^{PtJ.oMm) and Afj^ C W^'^Ip^io,!^™); 'Tm is a homoclinic tangency associated to 

When bfj^^^ > for any (/x, v) near (0, 0), one can prove the existence of a homo- 
clinic tangency near r associated to p^^a.^m by arguments quite similar to those 
as above for any /ig with < 0. 

It remains to show that the tangency is quadratic. Since E(/io,^'m) is of 
elliptic type and lim,„^oo '^m = 0, any normal curvature of I](/xo,i^m) at t„i is 
greater than some positive constant kq independent of m. On the other hand, by 
an argument quite similar to that in Lemma l3.21 for any m sufficiently greater than 
tooj the curvature of lm,vm at t„i is less than kq. Thus, by Lemma 13.31 '^m is a 
quadratic tangency. □ 

Assertion 4.3 (Hyperbolic case). When r is a tangency of hyperbolic type, Propo- 
sition [7^7] holds. 

Proof. Since r is of hyperbolic type, I](0, 0)n{2; = 0} consists of two almost straight 
curves ai,a2 meeting transversely at r, see Fig. I4.3l (l). If necessary by reducing 
the domain O of containing f/i.i/), we may assume that v)n{z — 0} 
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is disjoint from the x-axis for any (/i, v) near (0, 0). If Wi — (^i, r]i, 0) {i ~ 1, 2) is a 
unit vector tangent to at r, then &o,o^| + 2co,o^i'7i + d,o,oi]f — 0. This impUcs that 
the normal curvature K-^(Q.o){f-,Wi) of 2(0,0) at r along Wi is zero. Since 6o,o 7^ 
by (|2.7|1 . both iiJi, i(;2 are not parallel to the unit tangent vector Vq — (1,0,0). 
Thus we have K-s{ofi){r,vo) ^ 0. When 6o,o < (resp. &o,o > 0), for any sufhciently 
small fiQ with /io < (resp. fio > 0), S(yLto,0) tl {z = 0} consists of two curves 
/3i, /?2 separated by a hne in the ccy-plane parallel to a;-axis, see Fig. 14.31 (2). and 

(4.3) /^o := |Ks(Mo,o)('r,'»^o)| > 0, 

where r is a point of /3i U P2 the tangent line at which is parallel to the x-axis. One 
can take P > and /iq > so that Aj, = T,{fio, J^) H {0 < z < ho} is a disjoint union 
of two curvilinear rectangles for any f with < i' < see Fig. 14.41 Moreover, 




by (|4.3p . the D > can be chosen so that \K^{fj,a,v){T,w)\ > ko/2 for any point 
T G ^iJ,o,f sufficiently near r and any unit vector w G Tf (A^^^jy) sufficiently near 
1)0- As in the proof of Assertion 14.21 for any integer m sufficiently greater than 
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Too, there exists with Q < Vm < v and such that lm,u^ C T^'*(Pa'o,i^„,) ^.nd 
A^^ C ^^"(Pmo,!^™) have a quadratic tangency Tm, see Fig. 14.51 □ 




(1) 



(?) 



Figure 4.5. 



4.2. Generic unfolding of the tangency. For short, set Pf^^^u = Pu, //^o,i^(-'^' v) ~ 
f„{x,y) and (u^o 

,1/; '^/.iQ 

Let Tm = {xm,ym, fi^,„{xm,,yrn)) bc thc homocUnic tangency of W'"'{p^^) and 
given in Proposition 14. II From (|4.ip . we have 



where 5„, = 5, 



dy 
dx 

Mo : I'm I 



'-{x,y) = Cm(x - M,.^) + dm{y - V^^) + 01, 

-(z, J/) = &„i(x - Ui,^) + c„i(y - Wi.„J + oi, 



1 7 ^r? 



and oi = o[\x — u^^ | + 1^ — |)- 



Thus b,ndf^^{x,y)/dy - Cmdf^„^{x,y)/dx = {b,nd,n - Cm)iy - '^i^m) + oi- On the 
other hand, since there exists a unit vector tangent to S(/io, v„i) at Tm converges to 
(1,0, 0) as TO cx), hm„i_»oo df,y^{x„i,ym)/dx ~ 0. Since hm„i 
and hm,„_^cx3 b„id„i - cf-^ = det(i7/^g,o)(w/iO:0, 1'^'co) 7^ 0, 



" V-^m 7 Vm ) — 7 7^ \Xm-j ym ) i 



dy 



dx 



{ym - ) + Ol 7^ 



for aU sufficiently large m. By the Implicit Function Theorem, there exists a 
function y = g^{x, z) = giv, x, z) defined in a small neighborhood of {vm, im, fv^ i^m; 
in the {v, x, z)-spacc with 

{x,yju{x,y)) = {x,g^{x,z),z). 

Proposition 4.4. For all sufficiently large to, the quadratic homoclinic tangency 
T„i of W^{pi,^) and W^{pi,^) unfolds generically at v = Vm with respect to the 
u -parameter families {W^{pi,)} and {W^ijJ,^)}. 

Proof. Recall that lm,u has the paramctrization lm.i^{t) ~ {t, ym{i^, t), Zmiv, t)) with 
^m,i/„(im) = Tm- By Definition 12.11 (2) ■ it suffices to show that 



(4.4) 



V OV 
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for all sufficiently large m. Note that 

dg 



where x^o is the x-coordinate of a point r in S(//o,0) H {z = 0} the tangent line 
in xy-plane at which is parallel to (1,0,0), sec Fig. 14.31 (2) in the case that r is of 
hyperbolic type. If we set Xm,,y = Q;~"im, then (f>Z{lmo,iy{.S;m,y)) = ^m,i/(im), where 
n = m — niQ and = a^^,^. As was seen in the proof of Lemma l3. 11 



(4.5) 



lim — — (y^.Xr, 

m~>oo Oil 



dv 



(0,0)7^0. 



We denote the ^/-function ymo{v,Xm,u) by hm{v)- Since lim„i__,tx) dxm,v/dv = 0, it 
follows from (|4.5p that 



(4.6) 



dhr, 



dv 



dyr, 



> 



dv 

dyrno 



dx 



di 



dymo , 



dv 



dx 



dv 



{Vm) 



> Co 



for some positive constant Cg and all m sufficiently greater than niQ. Since ijmiv, Xm) 
I3'^hm{v) for := (3f,„^u, 

CIV dv dv 

dhjn n dPi, , , ^ 

= + H -l—(ym)ym{Vrn,Xm)- 

dv p^^^ dv 

Since lmim~Kx> ~ f3o > 1 and \ym{i^m, S^m)\ < <5, the inequality (j4.6p implies 
lim,„^oo \dymi'^m,S:m)/dv\ = oo. This shows (|44)) . □ 

Proof of Theorem HI Propositions 14.11 and 14.41 imply Theorem El □ 
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